6.1
Transformation Formulas

Learning objectives:

1. Toderive trigonometric product formulas

2. To derive trigonometric sum and difference formulas
And

3. To practice the related formulas.

Product Formulas

We have already derived the relations
sin (a + B) = sina cosf + cosa sinf
sin(a — B) = sina cosf — cosa sinf
Addingand subtracting, we get
2 sina cosf = sin(a + B) + sin(fa — ) ... (i)
2 cosasinf3 =sin(a+ B) —sin(a —B) ... (ii)
Similarly, from the relations
cos(a + B) = cosa cosf — sina sinf .. (iii)
cos(a — ) = cosa cosf + sina sinf ()
we get by adding and subtracting
2 cosa cosf = cos(a + B) + cos (a — B)
—2 sina sinf = cos(a + B) — cos (@ — )

These formulas transform products of sines and cosines
into sums or differences of sines or cosines.

Sum and Difference Formulas
The sum and difference formulas are obtained from the

product formulas by setting
a+f=A4A
a—f =B

Addingand subtracting, we get

A+B
a=—
2

- A—R



Substitutingthese valuesinto product formulas, we obtain

A+B A—B

sinA + sinB = 2 sin 5 C0S— .. (V)
A+ B A-B
sind — sinB = 2 cos > sin > .. (Vi)
A+B A-B
cosA + cosB = 2 cos cos 5 ... (vii)
A+B A-B
cosA — cosB = —2sin sin > .. (viii)

These formulas transform sums or differences of sines and
cosines into products of sines and cosines.

Examplel:
Express each of the following as a sum or difference.

a.sin40’ cos30°
b.cos110° sin55°
Solution:

a.
25in40° cos30° = sin(40° +30°) + sin(40° — 30°)
= 5in70" + cos10’
b.
2c0s110° sin55° = sin(110° + 55°) — sin(110° — 55°)

= sin165 — sin55

Example 2:
Express each of the following as a product.

a.sin50° + sin40°
b.sin70° — sin20°
Solution:

a.

sin50° + sin40” = 25in§(50° +407) COS%(SOO —407)
= 25in45’ cos5’ = 2 cos5’

b.

sin70° — sin20° = 2cos 5 (70" + 20°) sin- (70" — 20°)

= 2c0s545" sin25 = /2 sin25’

Example 3:
sin 4A+sin 24
Prove ————— = tan34
cos 44+cos 24
Solution:
. 4A+2A  4A-24
sin4A+sin24 2 sin— —cos——
cos4Atcos2A4 g cosiAt2A G424

2

__ 2sin3A cosA

=————=tan3A
2cos34Acos4d



P1.

. o o o o 1
Prove thatsin 21 cos9 — cos84 cosb6 =



Solution:

sin 21" cos9 — cos84 cos6 =

1

= > (2 sin21 cos9 — 2co0s 84 cos 65)
1 - L] ] = > o] L] o] ]

— E(5111(21 =9 ysm21 9 y—2eas{90 —6 )56 )

1

4

=~ (sin30" +sin 12" — sin12°) =



P2.

tan 58 +tan 368

Prove that — 4 cos 26 cos 46
tan 54 —tan 38




Solution:

tan 56 + tan 36 B sin 56 cos 36 + sin 36 cos 56
tan560 —tan 36 sin 560 cos 36 — sin 36 cos 56

sin 84
sin 28

2s5in 48 cos40
sin 260

4sin 28 cos 26 cos 48
sin 20

= 4 cos 26 cos 46




P3)

cos7x+cos5x

Prove that — _ = golx.
sin7x —sinbx




Solution:

cos7x + cosbx B cos7x + cosbx

sin7x — sinbx sin7x — sinbx

7X+5x 7Xx—5x
_ 2cos cos———  Zeosbxcosx
T 7X+5x . —7xX—5x — Z
2C05 5in 2c05 bx s5inx
COS X
= — cotx

Sinx



P4,

: sin A—sin 544+s51n 94—sin 134
Find the value of — cot4A.

cosA—cos5A—cos94+cos 134




Solution:

sind —sinbA4 + sin94 — sin 134
cos A — cosb5A — cos9A4 + cos134

~ sinA + sin94 — (sin 5A + sin 134)
~ cosA + cos134 — (cos5A + cos94)

_ 2sindA cos4A — (2sin9A cos44)
~ 2cos7A cos 64 — (2cos 7A cos24)

cos74 \cos6A — cos’2A

cos4A (2 cos 7A sin(— 2111))
cos7A \ 2sin 4A sin(—24)

cos4A (sin 54 — sin 94 )

cot4A



IP1.
o ] o (] 3
Prove that cos?76 + cos®16 — cos76 cosl6 = p
Solution:
cos?76" + cos%16" — cos76 cosl6 =
2 o 2 o ]— o o
= o576 +1—5in“16 — 5(259576 coslo6 )
= 1+ 05?76  — sin*16’— > (cos(76" + 16°) + cos (76— 16))
; ; ; w o ; ;
=1+ cos(76"+ 16") cos(76"— 16") — E(cns 92" + cos 60°)
Since cos?A — sin?B = cos(A + B) cos (A — B)
. | . .
= 1+ cos 92 cos 60 —E(Cﬂﬂgz + cos 60°)
1 B | 1
=14+ —c0s92 ——cos92 — —
2 2 4

i 3
—g.
4



IP2.

Prove that

cos 360 + 2cos 58 + cos 76

— 20 — sin 26 tan 36
cosB + 2cos360 + cosha B - a8

Solution:

cos 360 + 2cos 58 + cos 76 B 2 cosbhl +cos 360 + cos76

cos@ + 2cos30 + cosbh8  2cos308+ cosf + cosbhl

2cos58+2cos580cos20
2 cos 36+ 2cos 3@ cos 26

cos o1+ cos 28)
cos 38 (1+ cos 28)

__ cos 30 cos 260—sin 30 sin 20
cos 3@

= co0s 260 — tan 36 sin 260



IP3)

sinbx—2sin3x+sinx
Prove that —Tnx.
COS5X—CcO05X

Solution:

sinbx — 2sin3x + sinx 3 2 sin3x cosZ2x — 2sin3x

COSHhx — cosx —28in3x sinlx
o 1—cos2x
sinz2x
2 sin®x
— — tanx

2 S5INnx cosx



IP4.

cos68+6cos40+15 cos28+10

Show that cos 58+5c0530+10 cosf = 2cos0

Solution:
cos 60 + 6 cos40 + 15 cos20 + 10
cos 568 + 5cos360 + 10 cos6O
_ (cos60 + cos48) + 5cos40 + 5 cos26 + 10cos26 + 10

cos 58 + Hcos36 + 10 cosb

~ 2cos58 cost +5(2cos38cos0) + 10(cos26 + 1)
B cos 58 + 5cos36 + 10 cosf

2 cos50 cos8 +10co538co50+10(2cos” )
cos 08 +5c0s36+10 cosf

2 cos8(cosd8 +5c0530+10co0s8)
— — 2cosf
cos 58+5c0530+10 cos0




Exercises

|. Prove the following identities.

1)

sin78 —sin58

cos78+cos50

= tanf

cos 2B+cos 24
2) L. cot(A + B) cot(A — B)

sin A+sin 24

3) = cot?
2

cosd—cos24

4)cos (A + B) + sin(A— B)
= 2sin(45 + A) cos(45 + B)

sin(44-2B)+sin(4B-24)
) cos(4A—2B)+cos(4B—2A)+ tan (A + B)

5) sin A+2sin3A+sin 54 _ sin 34
5in 3442 sin 54A+4sin 74 sin 54

sin A+sin B A+EB A-B

7) —— =—=tfan——cot——
sin d—sinpB 2 2
sin A+sin B A+B

8) — tan——
cos A—cos B 2

9) cos3A + cosbA +cos7A + cos15A
= 4 cos4A cosHA cos 64



||. Express as a sum or difference of the following

1) 2sin 50 sin 76
2) 2cos 760 sin b6
3) 2cos 1160 cos 36

4) 2 sin 54 sin 66



0.£
Conditional Trigonometric lIdentities

Learning objectives:

1. To derive conditional trigonometric identities.
And
2. To practice the related problems.

Conditional Identities

Trigonometricidentities are equationsinvolving
trigonometric functions of angles, which are satisfied by all
values of the angles for which the functions are defined.

If the angles involvedin the identities are the three angles
A, B and C of a triangle, then they are constrained by the
relation A+ B+ C = 180°,then these trigonometric
identitiesare known as conditional identities.

Some Identities
i) If A+ B+ C = 180", then prove that

sin 24 + sin 2B + sin 2C = 4 sinA sinB sinC

Proof:
sin 24 +sin2B + sin 2C
= 2sin(A + B)cos (A — B) + 2sinC cosC
= 2sin(180° — C)cos (A — B)
+2sinC cos (180° — (4 + B))
= 2sin C cos (A — B) + 2sinC cos (A + B)
= 2sin(C [cos(A — B) —cos (A+ B)]
= 2sinC. 2sinA sinB

= 4sinA sinB sinC
i) If A+ B+ C = 180", then prove that

A B . C
cosA + cosB — cosC = —1 + 4cos; cos_sin .

Proof:
cosA + cosB — cosC

= cosA + (cosB — cosC)

A . B+C . B—C
= 2cos? 8 1-— ZsmT sin—-—

= 2cos? . 1— 2sin (90° — é) sinE
2 2 2

A A . B—C

= Zcos—[cos—— sm—] -1
2 2 2
A 180'—(B+C . B-C

= Zcosf[cosM— sm—] -1
2 2 2
A[ . (B+C . B-C

= 2(:05—[5111u — sm—] —1
2 2 2
A B

2cos 5 ZCOSESH‘I— -1

A B . C
=—14+ 46’055 cos - sin



iii) Ifa+ p +y = m then prove that
sina + sin?f — sin?y = 2 sina sinf cosy
Proof:
at+Bt+ty=nmn=a+B=m—y
= cos(a + ) = cos(mr —y) = —cosy
= cos a cosf3 — sina sinff = — cosy
= (sina sinff — cosy)? = cos?a cos?f
2a sin?f + cos?y — 2 sina sinf cosy

= (1 — sin®a)(1 — sin?B)

= sin

= sin’a + sin’f + cos’y — 1 = 2 sina sinf cosy

= sin‘a + sin?f — sin?y = 2 sina sinf} cosy
iv) Inatriangle ABC, then prove that
tanA + tanB + tanC = tanA tanB tanC

Proof:

Wehave, A+ B+C=m—=A+B=m—C
tan(A+ B) =tan(r — C) = —tanC
= tan 4 + tanB = —(1 — tanA tanB) tanC
= tan 4 + tanB + tanC = tand tanB tanC

v)] IfA+ B+ C = m, then prove that
cotB cotC 4+ cotCcotA+ cotAcotB =1

Proof:
A+ B+ C=m=A+B=m—-C

= cot(A+ B) = cot(m —¢)

cotAcotE—-1
— = —cotC
cot A+cot B

= cotB cot(C + cotCcotdA + cotAcotE =1



P1.
If A, B, C are angles of a triangle, then prove that

sin 2A + sin 2B — sin 2C = 4 cosA cosB sin C



Solution:
Wehave, A+ B+C =m
sin 24 + sin 2B — sin 2C
= 2sin(A + B)cos(A — B) — 2 sinC cosC
A+B =m—C = sin(Ad + B) = sin(r — C) = sinC
— 2sinC cos(A — B) — 2 sinC cosC
— 2sinC {cos(A — B) — cos(C}
A+B=m—C = cos(A+B) =cos(mt—C) = —cosC
= 2sinC {cos(A — B) + cos (A + B)}
= 2 sinC (2 cosA cosB)

— 4 cosA cosB sin C



Pa.

If A, B,C are anglesin a triangle, then prove that

. i . A B C
sind + sinb + sinC = 4 cos EC{}SE C{}SE



Solution:
Wehave, A+ B+(C=m

sind + sinB + sinC
. [A+B A—B o C
= S (—) CcOS (—) + 2 sin— cos—
2 2 2 2
't A—B vo i C
= 2 COS— COS (—) + 2 s5in—- cos—
2 2 3 2

: . AEXR ; T c (N
(since sin—— =sin|{=——=) = cos )
2 2 2 2

=3, C{}SE {cas (ﬂ) + SETI,E }
2 2 2

=2 Cr_}sg {C{}S (A;—E) + cos (?) }

- A+B T C .
(since cos—— = cos|=— =) = sin-)
2 - 2

C A B
— 2co5—.|2cos— cos—
2 2 2

A E 5
— 4 cOS— COS— COS —
2 2 2



P3.

In a triangle ABC, then prove that

A B C T—A n—Bb m—C
COoS—+ cos—+ cos — — 4 cos— cOS—— COS——
2 2 2 4 4 4



Solution;

Wehave, A+ B+C =1

A B C
cos—+ cos— + cos —
2 2 2

A B+C B—C
= coS— + 2 cOS—— COS —
2 4 4

A (TE B+{7) B8
R 77 T ——
2 2

A+B+C=m1 = cnsE=cos

. BIC B+C B—C
= SLTIT + 2 CCISTC-‘JST

_ B+C B+C B+C B=G
= smT CDST + 2 CDSTCDST

BAC . ... BELC B
= CCIST smT+ EGST

B+C T B4+C B—C
—2cos— +|lcos|———) +cos—
4 2 4 4
E+C m—0C m—FE
— 2 05— 2 COS—— COS ——
4 4 4
mT—A m—FB m—0C

= 4 ros —cCcOS—— CcOS —
4 4 4



P4,

If A+ B + C = m, then prove that

2C _ . K . B B

. TN
sin? = +sin? —+5m — 1 — 2 sin— sin— sin-—.
2 2 2 2 2



Solution:

A B £

S 2

> E"‘Sin 2—

. 1—cosA 1—cosB 1—cosC

2 I 2 ¥ 2

sin

3 A
= (cosA + cosB + cosC)

1

(1 + 4sinésinEsinE) (As in IP2)
2 SR B

P | L

3 Lo A B oo G
= —— —5In_Si— Ssin—
2 & 2 2 2

Aliter:

We havegiven, A+ B+ (C =m

A+B T e A+E (rr -‘.’.‘) . C
2 2

— e e —— = = 5ln—
2 2 2 2 2

A B S T wer b
— E0S 05 —— SN =8Sin - —:85in
2 2 2 Z 2

Z

2 2 2 2

A B £ A B A B C
= c0s? —cos? — = sin® —+ sin? —sin®>— + 2sin—sin—sin—
2 2 2 2 &

A B
= (1 — sin? —) (1 — sin? —)
2 2

C A B A B C
= sin? — + sin? —sin? — + 2sin—sin—sin—
2 2 2 2

2A 2B e A B
—> COS Ec:os =" (Sm— 4 sm—sm—)

2
A B A B
— 1 — sin® — — sin®> —+ sin? —sin?> —
2 2 2 2

G A B A B &

= sin®— + sin® —sin? — + 2sin—sin—sin—

2 2 2 2 2 2

A B C A B E
= 1 — sin® — — sin? — = sin’? — + 2sin—sin—sin—
2 2 2 2 2 2

A B C A B C
= sin® —+ sin’—+sin?—=1 — 2sin—sin—sin—
2 2 2 2 2



IP1.
If A, B,C are angles of a triangle, then prove that
cos 2A + cos 2B + cos 2C = —4 cosA cosB cosC — 1
Solution:
Wehave, A+ B+C=m
cos 2A -+ cos 2B +cos 20
= 2cos(A + B)cos(A — B) + 2 cos?’C — 1
= 2¢0s€ cos(A—B) £ 265 61
(since cos(A + B) = cos(m — C) = —cosC)
= —2cosC {cos(A—B) —cosC}—1
= —2cosC{cos(A—B)+cos(A+B)}—1
= —2 cosC (2cosA cosB) — 1

= —4 cosA cosB cosC — 1.



IP2.
If A, B,C are angles in a triangle, then prove that
. & .. B P
cosA + cosB +cosC =144 sin- sin sin;
Solution:
Wehave, A+ B+C=m
cosA + cosB + cosC
= 2 cos (?) coS (?) +1— 2 sinzg

, A+B m C A+B . €
[smceA+B+C:n=>T:E—E=>casT:5mE

=142 sinE cos (ﬂ) — 2 sinEE
) 2 2

=142 Si?‘lg {C{}S (?) — sing}

= 1 42 Si?‘lg {::::rs (?) — COoS (?) }
== | 2 sing (2 sing sing)

ok w B B
— 1+ 4 sin— sin— sin-—.
2 2 2



IP3.

If A+ B + C = m, then prove that

Emsi msu = 4:’:055 C{}SE C{}SE
2 2 2 2 2
Solution:
Z A Z oo b +F € B—
C{}SZ r:s:rs 2 CcOS >
= EZ(sinB + sinC)

— %(sinB + sinC + sinC + sinA + sinA + sinB)

— sind + sinB + sinC

= 4 cﬂsgmsgmsg (As in P2)



IP4.
If A+ B + C = m, then prove that
sin?4 + sin? E _sin?$=1-2cos% cosZsin=
2 2 2 2 2 2
Solution:

Given A+ B +C=m

A B w1 {;
A—l-B:H—C=>CDS(—+—):C{]S(———):Sin—

2 2 B 2
A B A B C
— COS - COS— — SIn_-8Sin—_— = sin—
2 2 2 2
A B C A B
— 0S5 - COS— — SIn—- = sin—_—Ssin—
2 2 2 2 2
( A c) 2 B
= | COS5 — C{}S——Sln— —Sl'."l sin“ —
2 2 2
ol B € A& B € A B
— COS“ — 0S8~ —+ Sin“ —— 2c08 —cos —Ssin— = sin“ —sin“ —
2 2 2 Z g W o

A B &) A B C
= (1 — sin? —) (1 — sin? —) + sin® —— 2cos— cos —sin—
2 2 2 2 2

2
A B
= sin% —sin® —
2 2z
i yB il B € o A B
— ST = R BN — SIn- — SN —— ACO08—CO8 —SIn—
2 2 2 2 2 2 A 2
. ZA w EB
= SIn" —5tn- —
2 2
EA 2B _ EC A B C

=% &in E+sin — —5sin“—=1— 2cos —cos —sin—

2 2 2 2 2



Exercises

If +B + C = 180, prove that

1.c05%A+ cos*B + cos*C=1—2cosAcosB cosC.

2.c0S*A+ cos*B — cos*C=1— 2sinAsinB cosC.
3. tané tanE+ tanE tan£+tanE tani = 1.
2 2 2 2 2 2
4, coté+ COtE-l' cot£= {:01:é c+01:E cotE.
2 2 2 2 2 2
5.sin(B + 2C) + sin(C + 2A) +sin(A + 2B)
B—C g A—B
= 4 sin— sin— cos—
2 2 2

B | C —B T—C
6. 51112 + Sm + sm;— 1=4 smT smT SIHT

A T+A m+E m—C
7. cos—+ COS——COS— =4 COS— COS— CO5— .
2 4 4 4
sin 2A+sin 2B+sin 2C WP, R S
8. — _ = 8 sin— sin— sin-.
sin 4 +sinkB +cosC s 2 2

9.sin(B+C—A)+sin(C+A—-B)+sin(A+B—-1C)
= 4sinAsinB sinC .

10.Ina triangle ABCifcot A+ cotB + cotC = V3, prove that

the triangle is equilateral.



6.3
Trigonometric Equations

Learning objectives:

1. Tofind principle solution and general solution of a
trigonometric equation.

2. To use different methods to solve trigonometric
equations.
And

3. To practice the related problems.

Solving Trigonometric Equations
Trigonometricequations are equationsinvolving
trigonometric functions of unknown angles and they,
unlike identities, are satisfied only by particularvalues of
the unknown angles. For example, sinx.cscx = lisan
identity, being satisfied by every value of x for which
sinx and cscx are defined.

sinx = 0; itis not satisfied by x = % or g Since it is not
satisfied by every value of x for which it is defined, itis not
an identity. Itisan equationand we will find the particular

values of x for which this equation is satisfied.

A solution of a trigonometric equationis a value of the
angle x which satisfies the equation.

If a given equation has one solution, it has in general an
unlimited number of solutions due to the periodicity of the
trigonometric functions.

Two solutionsof sinx = Qarex = 0andx = m.
The complete solution of sinx = 0 is given by
x =0+ 2nnm, x=m+2nmw
where n is any integer. Both these expressions can be

combined into a single expression x = nm, where nisany
integer.

The solution consisting of all possible solutions of a
trigonometric equation is called its general solution.

There is no general method for solving trigonometric
equations. Several standard procedures are employed in
the solution of trigonometric equations.

The numerically least angle of the solution is called the
principalvalue or principle solution.

5 1
For example, find the principal value of sinx = >

The numericallyleast value will be in the first quadrant.

Therefore, the principal valueisx = %

e Find the principal value of x satisfying sinx = —%.

The sine is negative in 3™ or 4" quadrant. Therefore, the

< e « T
principal valueis x = 5

e Find the principal value of x satisfyingtanx = —1.
Tan is negative in 2" and 4" quadrants. The principal
valueisx = — =

4

* Find the principal value of x satisfying cosx = %

Cosineis positive in first and fourth quadrants. The

. . " T
principal value is x = =

Principal valuelies in the first quadrant. It is never
numerically greater than . The clockwise or anticlockwise
directionis chosen dependingon whether the angleis in
3™ and 4" quadrantor in first and second quadrants.



Factorable Equations

Solve sinx — 2sinx cosx = 0.
Factoring,
sinx — 2sinx cosx = sinx(1 — 2cosx) =0
Setting each factor equal to zero, we get
sinx=0=x=0,n
5m

]

1
1—2cosx:0=>cosx:5=>x:

w|A

Expressiblein terms of a Single Function

L=

Solve 2 tan’x + sec
2 tan’x + sec’x = 2
2tan®’x+ 1+ tan?x =2 = 3tan’x =1

= tanx =+

[#%]

Y

1
Eor tanxi="—+ A=
V3

1
For anxi=—== , K==, —/—
V3

Solve secx +tanx =0

il sin x
_l_

CoS X Cos X

Multiplying by cosx, we have 1 + sinx = 0, sinx = —1.

3
Then o= 5

However, neither secx nor tanx is defined when

3T . '
= and the equation has no solution.

This illustrates that there is a need to check the solution

before accepting it as a solution of the equation.

Squaring Both Members of the Equation
Solve sinx +cosx =1

We write the equation in the form sinx = 1 — cosx and

square both members. We have

Z 2

sin“x =1— 2cosx + cos“x

2 2

= 1—cos“x=1— 2cosx + cos“x

= 2 cos’x —2cosx =0 = 2cosx(cosx—1)=0

From 2cosx = 0, x:g,Z—n

From cosx =1, x =1

Check:

Fara=10, sinx+cosx=0+1=1
Forng, sinx +cosx=1+0=1
Forx:32—ﬂ:, sinx+cosx=—14+0=1

Thus, the solution isx = 0 and g

3m :
The value x = £y called an extraneous solution, was

introduced bv sauaring the members.



General solution of the equations
sinx=0,cosx=0andtanx =0

(i). 156 € |—Z,%| then sin@ = 0 ifand only if @ = 0. Thus
22

the principal solution of sinx = 0is0. Let & € R be any
solution of sin x = 0. Then these exists a k € Z such that

k= —=sileck

L
2m
= 2nk =0 < 2rk + 2n
i.e.,0<0 —2km < 2w
Since 8 and 8 — 2m are co terminal angles,
sinf = sin(6 — 2kmw) =0
= 0 —-2km=0o0orr=>0=2kror 2k + 1w, keZ
i.e., 8 =nmne’z
Thus,sing =0 S 0 =nan e ft
Therefore, the general solution of the equation
sinx=0isx=nm,necZz

(ii).The principal solution of cosx = 0isx = E.Further,
cosx =10 -:}sin(x—g) ZD@x—gznn, nt’z

T
<=>x=mr+5

=] 1)%,?1 &z
Thus, the general solution of cosx = 0O is
T
o= (2n+1)E,nEZ

(iii).The principal value of tan x = 0is x = 0. Further,
tanx = =sinx =0 &Sx=nEnet Z

Thus, the general solution of tanx = 0 is

X = Nnmn, ne’z

NOTE: The general solution of cot x = 0 is given by

T
x:(2n+1)§,nEZ



General solutionof sinx =k, |k| = 1

Since |k| = 1, there exists a principal solution say «,
i.e., Thereisa «a € [—gg] suchthatsina =k

Let @ be any solution of sin x = k, then

sin@ = sina < sin@ — sina = 0

G+a . -«
= ZCOST.SI.?IT =g

G+a it
= ZCOST =0 orsin—- = 0

Now, COSEJJFTH: [)(:reJrTa: (2n + l)g,n EZ

e =02nt+1mw—ane’
and,sineg—a:()@g%zmr,nez

sSO=2nmt+an€’Z

Combining thosetwo, 8 =nr + (—1)"a,n € Z

Thus, the general solution of the equation sinx =k,
|k| = 1is

x=nwi (—1)"a

Where « is the principal solution (or any solution) of the

equation.

By similar argument we prove the following

e The general solution of the equation of
cosx =k, |kl <1lis x=2nmt+aneZ

where « is the principal solution (or any solution) of the

equation
By similar argument we prove the following

e The general solution of the equation of
cosx =k, |kl £1is x=2nmiltancl

where « is the principal solution (or any solution) of the

equation

¢ The general solution of the equation tanx =k, kK€R

is x=nm+a ne’z

where « is the principal solution (or any solution) of the

equation.



Summary

The Range The interval in General solution
equation of k which the
f(x) =k principal solution
a lies
wmw
sinx—1Kk [—1,1] [—5,5] nr+(—1)"a ,neZ
cosx =k [=1:1] [0,m] 2nm + @ ,neZ
tanx = k R (—E I] nw + a ,neZ
, 2’3/ ; ;
f S [
sex=k | Co-tlupe|  [-5.2]-0) i t(~1)"a neZ
[
secx = k (—oo,—1] U [1,02) [0,7] — {5} 2nw + a ,neZ
cotx =k R (0,1) N + & ,neZ
Example:

Solve the equation sinx + sin 5x = sin 3x.

= Z SIS tos 2% = sHiax

= gin3x(Zens 2x— 1) =1

¥ sin3x=10

1
If cosZx =t then

Hence

: 1
Therefore,sin3x = 0, or cosZx = 5
then 3x = nm, nez.
T
Zx = Znm + o
nit T
X = or ?ITE'iE ,NE Z.

» ILE Z




The general solution of sin*x =k, 0 <=k = 1is
x =nm+ancZ where ais asolution of sin’x = k

Proof:

The trigonometric equation sinx = k has a solution if and

onlyifk € [0,1]. Thus there exists a solution saya« € R

such that sinx = sin‘a. Now

sinx = sin‘a = 1 — 2sin’x = 1 — 2sin‘a
& coS2x = cos2c.

= Te=dnieshidn, e &
s x=nwlo nct

where @ is a solution of sin?x = k.

By a similar method we prove the following

e The general solution of cos?x = k,0 = k = 1is

x =nmw+anc€ Z where aisasolution of cos?x =k
e The general solution of tan’x = k,0 =k < ois

x =nmw+anc Z where aisasolution of tan’x = k



Equations of the forma cos @ + b sinf = ¢
We divide both sides of the equation by va? + b?, so that

it may be written as

a c
—— _ppgsds —— ginl =——
Va2 + b? va? + b? va? + b2

If we introduce the angle a, so that tana = E

7}} cosa — . .
Va2+p? ~ Vaz+p?

Thensina =

Also, we introduce the angle B, so that

€
G

The equationcan then be written

cosccosB + sina sinB = cosf§

The equation is then cos(8 — a) = cospf.

The solution of thisis @ — a = 2nm + 8, so that
0=2nnitatp

where n is any integer.

Angles, such as @ and [, which are introduced to facilitate

computation are called Subsidiary Angles.

Example: Solve sinx ++/3cosx = +/2

We have vaZ? + b2 =1 + 3 = 2. We therefore write the

equationsas

Therefore

T : 5 AE 1
COSX cOS—+ sInxsin— = —=
6 6 V2

=

T T T m
= cos{x—=)=cos—=x ——=2nm+-—
6 4 6 4

Takingthe positive sign,
T bm

T
X ?m+6+4 mr+12

Takingthe negative sign,

— 207 + = — = = 2nm —



P1.

Find the general solution of 2cos?x tanx = tanx.



Solution:

Given, 2c0S%x tanx = tanx

= tanx(2cos’x — 1) =0 = tanx =0 0or (2cos*x— 1) =10

1 T
— tanx = 0 or cﬂsxz:—ﬁz:;x:[},n ar X =~
ﬁkl

o =t 7 Al ) G IR < U1/ e i | N S

e | H



o

Solve3cosZ2f +2 =7 sinf



Solution:

3cos260 +2 =7 sinf
=3 3 (1 —=2sin%8) 4 2 = 7 sind
— 65sin‘0 + 7 sind —5 =10
— (2sinf@® —1)(3sinf@+5)=0

= sinf=-,—>and sinf =—2¢[-1,1]

: 1 o .
nosIinf = g =2 0 = E (Principal solution)

The general solutionis nm + (—1)" E L EL



-

Solve: V3 cosx — sinx =1



Solution:

. g .
Given,v3cosx —sinx =1

*.,E { S 1
— ?CDS:E == ESI.?T,X — —

T W T
— CDSE COSX — SIHESI.HI = EDSE

— COS (x +E) = COS5—

w w

— x4+ —-—=2nm+ -
6 3

T T

= Xx =2nm——+—
fi i

T T
Z‘?I:Zﬂﬂ'—gig



P4.

If 8,4, 0, are solutions of the equation

acosf + bsin@ = c, tanf; # tanB, and a + ¢ # 0, then find
the values of

i. tanfy + tanf,
ii. tan6@, - tand,



Solution:

Given, acosf + bsinf =c,a+c+ 0
1—tan6 2tanf
—sa( )+ bl o) =
— q — atan®0 + 2btanf = c + ctan?6
— (a + c)tan?8 — 2btan@ + c —a =0

= (a + c)tan’8 — 2btanf +c —a =10

Thisis a quadratic equation in tan 8. Since 84, 6, are roots of

the given equation, we get tan6,; and tant, are roots of the
equation.

2b

atc

~ sum of the roots tant; + tanf, = and

Product of the roots tanfl; - tant, = E



IP1.
Find the general solution of 2cos?u = 1 — cosu.

Solution:

2u=1— cosu

Given, 2cos
—s 2cos’u +cosu—1=0
—> (2cosu — 1)(cosu +1) =0

—% Zeosi—1 =0 éfcosii+ 1.=0

1
— COSU — ;DI‘ cosu = —1

T
:}H:EDTH:H’

General solution is {2?1?1: ig | B E Z} LH2nedn | neZz;



IP2.
Solve: 2cos%6 + 11 sinf = 7
Solution:

2c05%0 + 11 sinf = 7
=2 (1L—sm?0)+ 11 85in8 —=7=10
— 2—2sin’ +11sin8—-7=0
= 2 sin’0 — 11sin8 +5=0
= (2sinf@ — 1)(sinf —5) =0
—= 2sin@—1=0 or sind—5=90

| 1 .
— smﬂzEDrsz.nﬂ:S} i

. 1 e :
—> sinfd = == g = % (Principle solutions)

T

The general solutionis, 8 = nm + (—1)" ;' MEZ



IP3.

Solve: 2cosx + 2sinx = 6

Solution:

Given, 2cosx + 2sinx =+/6

. | PP
cCosSX. sinx 3
—% —I— = —

V2 V2 2

T [0 i

—> COS—COSX + SIin—Sinx = cos —
4 4 6

I T
:}EDS(I——) — AN

4 6
—S ¥ ——=2nw 4=
4 6
T T
=>I—2?1?T‘|‘Eig

i o
x=2nm+—+—
1.8



IP4.

If « and 8 are the solutions of atanf + bsecf = c, then show

that tan(a + ) =

2ac

a?—c?
Solution:
Given,a tanf + b sec = ¢
bsecO@ = ¢ — atanf
= b?sec?8 = c? + a’tan?0 — 2actanf
= b%(1 + tan®0) = ¢* + a*tan®6 — 2ac tanb
=% (6 — P g — 2aetand £ =b") = 0

Also given, @ and 5 are the solutions of 6.

2ac cZ=p%
tana + tanfi = = and tana - tanfi = e
2ac
tana + tanf (az = Cz) 2ac

t — e e
an(a + §) 1 — tana -tanp 1_(:‘:3—52) a? — ¢?

aE___bE



1. Solvethe following equations.
a)sinf@ + sin78 = sin 46
b) cos@ + cos78 = cos46
c) cos@ + cos36 = 2 cos26
d)sin48 — sin 26 = cos 36
e) cosd — sin36 = cos 26
f) sin 768 = sin @ + sin 36
g) cosd +cos368 =0
h)sin@ + sin 36 + sin58 = 0

i) sin28 —cos28 —sinf + cosf =0
j) cosn@ = cos(n—2)8 + sind
n+1

2
) sinm@ +sinnf =0

k) sin 8 = sinnT_lﬂ + sin @

m) cosmf + cosnf = 0

n) sin36 + cos 268 =0

0) V3cos8 +sinf =+/2

p) sin@ + cos 8 =+/2

q) sin® n@ — sin® (n — 1)0 = sin? 0



6.4

Relations between the Angles and Sides of a Triangle

Learning Objectives:

1. To derive law of sines, law of cosines and to find sines,
cosines, tangents of half angles in terms of sides.

2. To derive tangent rules and projection formulas
And

3. To practice the related problems.

Notation

Aright triangle is the one which has a right angle as one of
itsangles. On the other hand, a general triangle is one
which does not contain a right angle. Such a triangle
containseither three acute angles or two acute angles and
one obtuse angle.

It is a standard conventionto denote the length of sides
oppositeto angles A, B, and C by a, b, and c respectively.




The Law of Sines

Theorem: Inanytriangle ABC
sinA sinB  sinC

a b c
i.e., the sines of the angles are proportional to the

oppositesides

Proof:

....,‘D B

m

- . L. _ a
(1) (i1) (iii)
Draw AD perpendicularto the opposite side meeting it,

produced if necessary in the point D.

In A ABD, we have % =einl — A =c¢csin B

In A ACD, we have % —sin; —=>AD =bsinC

If the angle C is obtuse, then as in the second figure, we

have

% =iACD = 5in (% — L) =Sk

=AY = h sinl;

sinB __ sinC

Thus c¢sinB = b sinC ,i.e., = —

Similarly, by drawing a perpendicular from B onto CA4,
sinC sind

we prove that ===

If one of the angles, say C is a right angle as in the third

; : : . b
figurethen sinC =1, sind = %, ginh = p

sind sinB 1 sinC
Therefore, — = e
a b [ C

We have, in all cases

sindA sinB sinC

a b c

Hence the theorem



The law of Cosines

In any triangle ABC, the square of any side is equal to the
sum of the squares of the other two sides diminished by
twice the product of these sides and the cosine of the
included angle.

(i) (ii) (iii)
Let ABC be the triangle and let the perpendicular from A
on BC meetit, produced if necessary, in the point D.

(i) Letthe angle C be acute, asin fig (i) then
BD =BC —DC =a—bcosC
In the right triangle ABD, we have
c* = BD* + AD?
= (a — b cosC)? + b? sin’C

—a? — 2ab cosC + b? cos%€C + b? sin’C
—-q* 4+ b? -2 ab cosC
(ii) Letthe angle C be obtuse asin fig (ii).
Then BD =BC+ CD =a+ b cos(r — ()
=a— bcosC
In the right angle ABD,we have
c? = BD? + AD?
= (a — b cosC)? + b?%sin?C
= a? +b%? —2ab cosC as in (i)
(iii) Letthe angle C be a right angle as in fig (iii)
Then cosC = 0 and
¢ =aq*+b* =g +b*— 2 ab casC
In any case,
c¢? =a* + b?> —2ab cosC
Similarly it may be shown that
a’* =b%*+c¢* -2bccosA
b* =c* +a* —2cacosB



Example:

The sides of a triangle are 8 cm, 10 cm and 12 cm. Prove
that the greatest angle is double the smallest angle.
Solution:

leta=8,b=10,c = 12

Here the greatest angle is C and the smallest angleis A and
we have to prove C = 2A. Now

a?+b*—c*  64+100-144 1
cosC = = ==
2ab 2%x8x10 8
b*+c?-a®  100+144-64 3
cosA = =3 =—
2bc 2X10x12 5 4
3
and cos2A = 2cos?A —1=2x (Z) —1 = cosC
= 2A=C
Sines, Cosines, Tangents of Half Angles
: . 2 A b2 +c2—a? 2bc—b?*—c%+a?
(i). 25in*==1—rosA=1~— =
2 2bc 2bc

2—(b2+cz—2bc) . a?—(b—c)? _ (a+b—c)a—b+c)
2be  2bc o . 2bc
+b+
Let 2s stand fora + b + ¢, so that s = = , Then

at+tb—c=2(s—c)and c+a—b=2(s—bh)
Therefore,

25”1 2[5 c)x2(s—b) . S[n (s—b)(s—c)
2bc \’ be
Similarly, Sln— f[s Cj(s =4 = fits_aif_b)

24¢e2-a? 25c+b2 +¢%—a?
2bc 2bc

(ii). 260522 =1+cosA=1+"2

» (b+c)*—a? _ (a+b+c)(b+c—a) _ 2s5x2(s—a)

2bc - 2bc - 2bc
4 s(s—a)
= 05— = |[——
2 be
Similarly,
B s(s— s(s—c
co0S— = (-H) nd cos- = ()
2 c ab
A S!:Tl,é (s—b)
i) it =% . (S P8
2 cos> s(s—a)
Similarly,

B [(s—c)(s—a) c_ (s—a)(s—b)
tan_ = ’75(5_5) and tan_ = ,75(5—.:-)

Since, in a triangle, A is always less than 180°, A/2 is always
less than 90°. The sine, cosine, and tangent of A/2 are
therefore always positive.



Some Useful Identities

We will express the sine of any angle of a triangle in terms
of its sides.

sind = zsingcosg sz 2\/(3—&3)[3—6) \/s[S—a)

bc bc

~ sind = bi\/s(s —a)(s—b)(s—0©)

C
The followingidentity is useful in solving the problems

B—C_b—c A
2 Bl 2

tan

We prove this identity as follows.

; b sin B
In any triangle, we have — =
C

sinC

Therefore,
3 : B+C . B—C
b—c _ sinB-sinC _ 2€o5s—— sin——
b+c sinB+sinC  25in2oC cosbC
2
B-C B—C B-C
tan—— tan—— tan——
- BiC = P = 4
tan— tan('}(}"— —) cot—
2 P 2

Hence

Thisis known as Tangent Rule. Two other formulas can be
written in a similar manner.

Projection Formulae

In any triangle ABC, a = bcosC + ccosB
b = ccosA + acosC
¢ = acosB + bcosA

Proof:
From cosine rules
2 2 2 2 2 2
a“+b-—c a“+c“—b
cosC =——— ,cosB =——
2ab 2ac

a2+b2—cz+a2+cz—b2
2a 2a

~ b cosC + ¢ cosB =

. Pa*

2a
Similarly, the other laws can be proved.



P1.

Show that (b — ¢)? cos? = + (b + ¢)? sin? g =47



Solution:

A A
(b* + ¢ — 2bc)cos* 5T (b* + ¢* + 2bc)sin? =

— (b% &%) (c{}s alfls M) ;) — 2bc (C{}SE ; _ & ;1)

= b? + ¢? — 2bc cosA = a?



L.

In A ABC, find bcos? > + ccos? 2



Solution:

& B s(s —c s(s— b
bcos? —+ ccos? —=b ( )—I—c ( )
2 2 ab ca
_ S[s—r:)_l_s{s—h)
1l (]
zi[s—c—l—s—b]
— 225 —¢c— b]
1
:§ﬂ+b+c—c—ﬂ
&5
— —.a ==
1l

c B
. bcos? =<} ccos? =5



P3.

1 . A
Prove that a cos — = (b + c)smg



Solution:

We have,

B+ C E—C
b+c_5inB+5inC_25m 5— COS—

a sinA

— -
SIHZ C{}Sz

A B—-C
s C'CI'SE C'CI'ST
P A A

2 5IiNn— cos—
2 2

B—0C
cCaos5———
— 2
= —
SIN—
2

o EGS? = (b c)sing



P4,

In A ABC, show that },(b + ¢)cosA = 2s



Solution:

In A ABC,
Z(b + ¢)cosA = (b + ¢)cosA + (c + a)cosB + (a + b)cosC

LH.S.=(b + c)cosA + (¢ + a)cosB + (a + b)cosC
= (bcosA + acosB) + (¢ cosB + bcos()
+(a cosC + c cosA)

= ¢+ a + b (From projection formulas)
= 28

Z(b + c)cosA = 2s



IP1.
Ifa=6,b=>5,c =09,thenfind angle A?

Solution:
Given,a = 6,b=5,c =9

From cosine rule,

b +c—a®
cosA =
2bc
_ 25+81-36 70 7
T 259 98 9

sl =0as ™" G)



IP2.

A 5 i o . .
If mng = and mnE =5 determine the relation among
d,h.c

Solution:

: A 5 i
Given,tan— =-and tan—- = -
2 6 ¥ 5

A C_52_2

{Inz. ﬂn2—65—6

. (s—b)(s—¢) |(s—a)(s—b) _ 2

o s5(s5—a) s(s—c) 6
s—b 1

—

=gy e sl Jhe o Ah
S 3

—=a+b+c=3b=a+ c= 2b.

Hence a, b, c arein A. P.



IP3.

a+b_t A+B tA_B
B an > co >
Solution:

Given,

a+b_5inA—I—sinB_25m

2
a—b sinA — sinB ZCGSAJZFBSEHAZ

. A+EB A—-B
Sin—— COS5——

— 2 . 2
A+EB . A—-E

cCos5——— ST ———
2 2

A+B A—B
s tanT . cntT

a+b A+ B A—B

=1 t
—- an 5 co 5




IP4.
Ina A ABC, prove that ¥, a® cos(B — C) = 3abc
Solution:
Given,
a® cos(B — C) = a? acos(B — C) = a*k sinAcos(B — C)

a b c

where, k = — = — = —
sind sink sinC

= a%k sin(B + C)cos(B — C)
(sinceA +B+C =m)

a’k 2

= (2sin(B + C)cos(B — ())
2

= az—k(siHZB + sin2C)

2
= az—k(ZsinB cos B + 2sinC cosC)

= a?(bcosB + c cosC)

Similarly,
b3 cos(C — A) = b?*(acosA + ¢ cosC),
c®cos(A —B) =c*(acosA + b cosB)

Z a>cos(B—€C) =a®cos(B —C)+ b® cos(C —4) + ¢ cos{A —B)

= a?(bcosB + ¢ cosC) + b?(acos A + ¢ cosC)

+c?(acosA + b cosB)
= a’bcosB + a®c cosC + b%acosA + b%c cosC
+c?acosA + ¢%b cosB

= ab(a cosB + b cosA) + bc(b cosC + ¢ cosB) + ca(c cosA
+ a cosC)

= abc + beca + cab = 3abc

Z a® cos(B — C) = 3abc



Exercises

b+c ct+a a+b

1. In atriangle ABC, if, — = — prove that
11 12 13
cosA  cosB _ cosC
7 19 25
2+/ab C

5 Inany triangle ABC, if tanf =

c = (a— b)sech
3. Ifa=13,b = 14,¢c = 15 find the trigonometric ratios of
the half angles of the triangle.

sin—, prove that
a—b 2

4. Given a =+3,b = 2,c = ﬂi, find the angles.

5. Inany triangle prove that
(b7 — e2)eotA 4 (e~ a)eotB L (@>—=D)eotL =0

6. In any triangle prove that (a+ b + ¢) (tang + tan g) =

C
2c cot —
2



7. In any triangle ABC, prove that

. B=C b-¢ A
a) sin— = — cos—
s a 2

b) b2sin2C +c?sin2B = 2 bcsinA
¢) a(bicosC —écosB) = b2 —¢?
d) H(CDSB+CDSC):2(E?+C)SEHE§

a’sin(B—C) = b?sin(C—A4) . c?sin(A—B) .

sin B+sin sin C+sin A sin A+sin B

0

f) ¢? = (a— b)? cos? g + (a + b)? sinzg

asin(B—C) bsin(C—4) csin(A—B)

g) B L o 22
br—c? . g+ G a’-p? .
h) ——sin 24 + sin 2B + s5in2C =0
a b i
A B C
2 ot = )
(a+b+c) c0t2+c0t2 +cot v

) =

aZ+b2+c2 cotA+cotB+cotC

. . -
j) If a,bandc arein H.P., prove that SLHEE,SLHEEand

2 C

sin o are also in H.P.



6.5
Solution of Triangles

Learning objectives:

1. To find the measurements of the angles and sides of a
triangleif any three measurements (not all angles) are
given
And

2. To practice the related problems.

In any triangle the three sides and the three angles are
called the elements of the triangle. When any three
elements, not all angles, of the triangle are given, the
remaining elements can be calculated. Given three
elements, the process of calculatingthe remaining three
elementsis called the solution of the triangle.

l. Given Three Sides

The semi-perimeter is determined from the three known
sides. The half-angles are then found from the half-angle
formulas. We can also use the law of cosines.

Example:

The sides of a triangle are 32, 40, and 66 cm; find the angle
oppositeto the greatest side.

Solution:
bt =32.b=4940.c= 66
o 32+420+55 _ 69

s—a=37,8s—b=29s—¢c=3

e \/[S‘“)[S‘b) SIXE) . 99768
2 5(5—c) 69x3

g = 6617"19" >€ = 132°34'38"



. Given Two Sides b and ¢ and the Included Angle A

Takingb to be the greater side of the two given sides, we
B—C b-c A
have, tan = cot —
2 b+c 2

This gives ?, and this when solved simultaneously with
B+C _ ggo _ A
2 2
vieldthe values of B and C. The third side a is then known
b
sinA  sinB
The side a may also be found from the cosine formula.
Example:

If b =+/3,c = 1,A = 30°, solve the triangle.
Solution:
B={ B=¢ A 33

from the relation

t = E o £15°
i 5 b_l_cﬂ'{}z ﬁ—l_lﬂ{}
_V3-143+1
V3+143-1
— =45
B+C

T:‘}?D‘”— 15% =J75°
B = 32000 = 5
Since C = A, wehavea = c = 1.



lll. Given two sides b and ¢ and the angle B opposite to
one of them

A
P
F
i b
.

sinC sinB

From the relation o
C

we obtain the relation sinC = gsinB - (1)

From which we can determine (.

Once the angle C is determined, A can be found from the
relation A =180°—-B —-C

The remaining side a is then found from the relation
a b

sind o sin B

It is possible to have no solution, one solution or two
solutions (an angle and its supplement) for C.
Let B be an acute angle.

a)lf b < ¢sin B, then sinC > 1 from (1) and hence
there is no solution for C.

b)If b = csin B, then sinC = 1 from (1) and then

£ =90,

c) If b > ¢ SinB, then sinC < 1 from (1) and there are
two values of C, one value lying between 0° and 90°
and the other between 90° and 180°,.

Both these values are not always admissible.

If b > ¢, then B > C. Therefore, the obtuse-angled value
of C is now not admissible.

If b < ¢,then C > B, both values of C are admissible. In
this case, there are two triangles satisfying the given
conditions.



Let B be an obtuse angle

If b <c,then B =< C and C would be an obtuse angle.
Since no two obtuse angles are permissible in a triangle,
there is no solution.

If b > ¢, the acute value of C (determined from (1)) would
be admissible, but not the obtuse value. Therefore there is
onlyone admissible solution.

Example:

Solvethe triangle ABC, given

¢ =628,b= 430.and € =55"10"

Solution:

Since C is acute and ¢ > b, there is only one solution.

i bsin€C  480sin55°10"  480%0.8208
sinB = o — = 0.6274

¢ 628 628
B'= 3851

A= 180°— (B +C) =860

bsin A 480 sin 86°0" 480x0.9976
sinB sin38°50’ 0.6271

IV. Given one side and two angles
Let a, B, C are given

.-":,/ I'._
.'/.r S— -b
< A
¥4 NN N
B [=1 C

The third angle is determined from A = 180° — (B + C)

The sides b and ¢ are now obtained from the relations
b C a

sinB sinC sind



Example:
Solvethe triangle ABC, given

i = 62.54="11220, =42°10'
Solution:

B

a=6Ll5

B = 180° — (C + 4) = 180° — 154°30" = 25°30'

asin B 62.5Xs5in25°307 _ 62.5x0.4305

b =— — — 291
sin 4 sinl12°20¢ 0.9250
a sinC 62.5x5in42°10" 62.5%0.6713
g —=— = — = — 45 .4
sin 4 sin112°20/ 0.9250
Example:

Solvethe triangle ABC, given
c=2h#4 =35 8B =564"

Solution:

C = 180° = (B 44} = 180%—103% =77

B csin A B 25 % sin35° B 25 x 0.5736 g
®="6inC ~ sin77° 09742

o c sin B 3 25 X sin68° B 25 %9272 B
~ sinC  sin77° 0.9744

V. Thethree angles are given

In this case the ratios of the sides can be determined by

the formulae
a b e

sind sinB sinC

Their absolute magnitudes can’t be found.



P1.

Findthe greatest angle of a triangle whose sides are 242,188
and 270.



Solution:
Given,
i =242 . b =188and ¢ = 270.

The greatest angle of the triangle is the angle opposite to the
largest side.

~. The greatest angle is C.

. a+b+c  242+188+270
From given data s = e ; = Aal)

C ‘j(s cos il )

t L
3 s(s—c)
. [PORKIDS. . B 6285 = 070047
35080

g — 38°19'31" = ¢ = 76°39'2"

Therefore, the greatest angle of the triangle C = 76°39'2"



P2)

ifa = 13, b = Tand C = 60° . Find Aand B



Solution:

Given, a = 13,b = 7and C = 60°

A-B ~b C
we have, Tan =l el
2 a+b 2
A-B  13-7
= Tan — = ——cot30°
2 20
A-B 6
= Tan — = — X /3
2 20
A-B 343
S =t
2 10
A-B A-B
= Tan 5 = 0.51961 = 7 = 27927 247

= A- B = 54°54'48" ...(1)

Now, A + B = 180° — C = 120° ...(2)
add (1) & (2),

24 = 174°54'48" = A=87°27'24"

B =120"- A= 120°- 87°27'24" = 32°32'36"



P3)

fa = 2,¢c =+/3 4+ 1land A = 45° then solve the triangle.



Solution:
Given,a = 2,¢c = 3 + 1and A = 45°

By sine rule we have,

sind sinC p F Y341 . W3+l
— = sinC = = sind = sin4h? =
a C a 2 2 4 2

1

sinC =Y & ¢ = 75°and € = 105°
242

Now a < ¢ and A4 is acute, both the values of ( are admissible.
Case(i):C = 75°

Now, B = 180°- (4 + C) = 180° - (120°) = 60°

By sine rule,
sinB sind sinB
— > b=a.—
b a sind
sin 60° V3
— 2 M~ = 2X —X+\2=1/6
sin 45° 2

Case (ii): C = 105°

Now, B = 180°- (4 + C) = 180° - (150°) = 30°

Bv sine rule,
sinB sinA sinB
= =oh =g =
a sind

. 0
:ZXEIHSU :ZXEXVE:VIE

sin 459



P4.

InA EFG, e = 4.56,E = 43° and G = 57° then find the value
of sidef ?



Solution:

Given,

e = 4.56,F = 43° and G = 57°

From AEFG

F =180°— (E + G) = 180° — 100° = 80°

Using sin law _f S =3 = ESTHF
sin F sin E sin E
f . sin 80°
—& F= X
sin 43°
—~ 456 x 2% 4 658



IP1.

Find all the angleswhena = 17,b = 20 and ¢

Solution:

Given,a = 17,b = 20 and ¢ = 27

a+b+c  17+20+27 _ 64
= — =32

Now, s = — =
2 2 2
Tan A _ \/[s b)(s—c)
2 s(s—a)
B ’12:-:5 i B
= e = J; —nf(.125 = 0.3535
g — 19°28'6"

— A = 3856 12"
(s—a)(s—c)
s(s—hb)

15x5 [ 25
32x12 12

v0.1953125

Tan —

2

0.4419

Mlm

= 23°50'26" = B = 47°40'52"

y
I

180° - (A + B)
— 180° - (86°37'04") = 93°22'56"

27



IP2)
Ifa = 2band C = 120°then find the values of 4, B?
Solution:

let.a = 2b = k

Then,a = k,b = %,C — 120°

k
5 AE i X k
we have, tan 2= = 22 cot < = —Z cot60° = Z cot60°
2 a+b 2 = =
= Tan 22 = Lcot60°
2 3
— 1.
=i —— = E‘v{_g
= Tan === = =0.19245 = 2=2 = 10°5336"
2 343 2

= A- B = 21°47'12" ...(1)

Now, A + B=180°—120°=60°...(2)
Add (1) and (2),

ZA=81°4712"= A=40°53'36"

B =60°-40°53'36" = 19°06'24"



IP3
Ifa = 9,b = 12and A = 30°findc
Solution:

Given,a = 9,b = 12and A = 30°

: sind sinB
By sine rule we have, =
a
: b . 7. . iz 4 2
s sinB =-sind=—=sin30 =—=x-==
a 9 g g 3

= sinB = 0.6666
= B =41°48"18"and B = 138°11'42"
Now a < b and A is acute, both the values of B are admissible.
Case (i): B = 41°48'18"
Now, C = 180°—(A +B)
= 180°—(71°48'18"") = 108°11'42"

. sinC 0.9494
By sinerule, ¢ = a. =9 X

sinda

= 17.08

Case (ii): B = 138°11'42"
Now, C = 180°— (A +B)
= 180° - (168°11'42") = 11°48'18"

; sinC 0.2053
Bysinerule, c=a.—=9X

sina

= 3.6963



IP4.

If the angles of a triangle ABC are in the ratio 1: 2: 7, then the

ratio of the greatest side to the least side is

Solution:

Let A denote the angle in the triangle. Then by the hypothesis,
we have A+ 24A+74=180"= A =18°

~ The angles of the triangleare A = 18°, B = 367,

C = 126° and the a isthe least and ¢ is the greatest side.

a C a C
Hence S e e ;
sind sincC s51nl8 s5inl?26

— ¢  s5inl26°  co0s36° ( 2 ) _ 45+1
a  sinl8°  sinl8° (‘*"E_l) T yfRag
4

=>c:a=(\/§+1):(«f§—1)



Exercise

Makingthe use of the valuesto find greatest and smallest
and all the angles of triangle.

l.a=25 b= 26andc =27

2.a = 2000,b = 1050 and ¢ = 1150
3.a=7,b=4vy3andc =+13
4.a=2b=+6andc=+v3—-1



1L

Find all the angles from given values of triangle

1.b = 14,c = 11 and A = 60° then find B and C.

2.a = 2526,c = 1388 and B = 54.42°then find Aand C.
3.a =525,c = 421,A = 130°50’ then find B and C.

4. a = 31.5,b = 51.8, A = 33°40' then find B and C.



Ill. Solvethe followingtriangles.
l.a=58b—=4and A —45"°
2a=90b=T12and 4 = 30°
3.a =100,c = 100v/2and A = 30°
4.bh = 8.4 = 6and A= 30°



IV. Solvethe followingtriangles.
Le=ssaLA=9a =713
2 b=202.1,8=11172°, = 2445",



